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Abstract. We show that if β > 1 is a rational number and the Julia set J of the holo-
morphic correspondence zβ + c is a locally eventually onto hyperbolic repeller, then the
Hausdorff dimension of J is bounded from above by the zero of the associated pressure
function. As a consequence, we conclude that the Julia set of the correspondence has zero
Lebesgue measure for parameters close to zero, whenever q2 < p and β = p/q in lowest
terms.
MSC-class 2020: 37F05 (Primary) 37D35 (Secondary).
1. Introduction
Holomorphic correspondences are relations z 7→ w determined by a polynomial equation
P (z, w) = 0 in two complex variables. This paper is concerned with the one parameter
family of holomorphic correspondences
(1.1) (w − c)q = zp,
where p > q ≥ 2. The family (1.1) can be regarded as a generalisation of the quadratic
family z2 + c, for if β = p/q in lowest terms, then (1.1) is the multifunction fc(z) = zβ + c,
in the sense that fc(z) is the set of allw satisfying (1.1). There is another way of generalising
the quadratic family in the context of holomorphic correspondences using matings. Indeed,
the space of holomorphic correspondences includes all possible Kleinian groups and ratio-
nal maps, and some correspondences concentrate in a single expression P (z, w) = 0 the
dynamics of a polynomial map and a Kleinian group. This is the case of the one parameter
family of holomorphic correspondences Fa introduced by Bullett and Penrose nearly thirty
years ago in [BP94], when they discovered that if 4 ≤ a ≤ 7, then the correspondence
Fa is a mating between some quadratic map z2 + c and the modular group PSL(2,Z). In
the same paper [BP94], the authors conjectured that the connectedness locus of the family
Fa is homeomorphic to the Mandelbrot set. Recently, Bullett and Lomonaco [BL20] have
shown that Fa is a mating between some parabolic map and the modular group, for every
parameter a in the connectedness locus of the family Fa. Moreover, they have developed a
strategy to prove that the connectedness locus of the family of matings is indeed homeomor-
phic to the Mandelbrot set, see [BL17, page 4]. Holomorphic correspondences also appear
in many other contexts; indeed, Lee, Lybich, Makarov and Mukherjee [LLMM19] have
investigated the dynamics one-parameter families of Schwarz reflections which give rise
to anti-holomorphic correspondences that are, in a suitable sense, matings of anti-rational
maps with the abstract modular group Z2 ∗ Z3.
1.1. Hausdorff dimension. The Julia set J(fc) of fc(z) = zβ + c, when β > 1, is defined
as the closure of all repelling cycles (see section 2); it is always the projection of a solenoid
in C2 when the parameter c is close to zero, as described by Siqueira and Smania in [SS17].
Simon [Sim97] has derived an explicit formula for the Hausdorff dimension of the Smale-
Williams solenoid which relies on the zero of the pressure function, see [Sim97, page 1224].
Before Simon, Bowen [Bow79] was the first to establish the formula P (tφ) = 0, relating
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the Hausdorff dimension to the unique zero of the pressure function in the context of quasi-
Fuchsian groups. Similarly, in the early eighties Ruelle [Rue82] has shown that if the Julia
set J of a rational function f is hyperbolic, then the Hausdorff dimension of J depends real
analytically on f. The strategy used by Ruelle consists of:
(I) showing that the Hausdorff dimension is given by the Bowen’s formula: P (tφ) = 0,
where t = dimH J and φ(z) = − log |f ′(z)| is the geometric potential; and
(II) proving that f 7→ t is real analytic, where t is implicitly given by P (tφ) = 0.
In the context of holomorphic correspondences, we have the following result.
Theorem A (Theorem 4.1). Suppose J(fc) is a locally eventually onto hyperbolic repeller
and let tc be the unique zero of the pressure function. Then dimH J(fc) ≤ tc.
The Bowen parameter tc in Theorem A comes from an expanding and topologically mix-
ing map fc : J(fc) → J(fc) acting on a ‘Julia set’ J(fc) ⊂ C2 – see Theorem 3.3. The
shape of J(fc) is similar to that of the Smale-Williams solenoid for parameters close to zero,
and the projection of J(fc) is always the Julia set J(fc) in the plane [SS17]. The sets J(fc)
are related by a holomorphic motion in C2 (section 2.2). Since J(fc) ⊂ C2 moves holo-
morphically, we believe that the Hausdorff dimension of J(fc) depends real analytically, or
at least continuously on c.However, this problem is still unsolved. (Notice that, even though
tc comes from the dynamics of fc on J(fc) ⊂ C2, in this paper the parameter tc is used to
estimate the Hausdorff dimension of the Julia set J(fc) in the plane).
The estimate provided by Theorem A can be used to derive the following result.
Theorem B (Corollary 4.1.3). If c is sufficiently close to zero and q2 < p, then the solenoidal
Julia set of zp/q + c has zero Lebesgue measure.
See [SS17, page 3106] for a typical figure of the solenoidal Julia set of Theorem B.
1.2. Hyperbolic components. The connectedness locusMd of the family of polynomials
zd + c consists of all parameters c in the plane such that the Julia set of zd + c is connected.
Similarly, the connectedness locus of the family zβ + c, denoted byMβ, is the set of all
parameters c for which the Julia set of zβ + c is connected. Siqueira has shown [Siq20] that
if zero has at least one bounded orbit, then the Julia set of zβ + c is connected. For this
reason, we defineMβ,0 as the set of c for which zero has at least one bounded forward orbit
under zβ + c. Therefore,
Mβ,0 ⊂Mβ.
For the quadratic family, the two definitions coincide with the Mandelbrot set. For non-
integer values of β, the parameter spaceMβ −Mβ,0 might be nonempty and generates an
intriguing class of Julia sets named Carpets: they are hyperbolic, connected, and present
infinitely many holes. In spite of being hyperbolic, Carpets seem to have positive area. See
[BLS19, section 3] for more details and figures.
A especial version of the Fatou conjecture for polynomial maps states that the interior
ofMd consists of hyperbolic parameters. One implication of this conjecture is: the Julia
set of every polynomial zd + c has zero Lebesgue measure if c is in the interior of Md.
The Hausdorff dimension d(c) of the Julia set of the polynomial zd + c is real analytic on
every hyperbolic component; in particular, it is real analytic on C −Md. In the boundary
ofMd, the Hausdorff dimension d(c) is not even continuous at semihyperbolic parameters.
However, Rivera-Letelier [RL01] has established some sort of continuity of d(c) at semihy-
perbolic parameters c0 in the boundary of the multibrot setMd, proving that d(cn)→ d(c),
whenever cn converges to c0 in an appropriate way (see [RL01] for more details).
Little is known about the connectedness locusMβ of the family zβ+c.One possible way
to start the investigation has been presented in [Siq20]: study the dynamics of zβ + c when
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c is close to a centre. Recall from Douady and Hubbard [DH84, DH85] that the Mandelbrot
set has infinitely many hyperbolic components U , each of which encoded by a centre c ∈ U ;
the centre is the only parameter in U for which the orbit of the critical point of z2 + c is
a cycle. For the correspondence zβ + c, the parameter a is a simple centre if only one
forward orbit of zero (0, z1, z2, . . .) is periodic, and any other orbit (0, w1, w2, . . .) diverges
to infinity. (It is not necessary to compute all orbits to test if a is a simple centre. Indeed, the
basin of attraction of∞ contains a forward invariant disk |z| > R, and therefore we have to
check only finitely many iterates).
According to some results of [Siq20]: in a neighbourhood of a simple centre, zβ + c is
hyperbolic and its Julia set is stable by means of branched holomorphic motions; moreover,
J(fc) is a locally eventually onto (LEO) hyperbolic repeller. In the complement ofMβ,0,
every zβ + c is also hyperbolic and its Julia set is a LEO hyperbolic repeller. Combining
these facts with Theorem A we have the following result.
Theorem C (Corollaries 4.1.1 and 4.1.4). If c is sufficiently close to a simple centre, or if c
belongs to the complement ofMβ,0, then
dimH J(fc) ≤ tc.
2. Hyperbolic sets
Consider the holomorphic correspondence (1.1), i.e., the relation z 7→ w determined by
the polynomial equation (w − c)q = zp. This correspondence shall be denoted by fc.
2.1. Preliminary definitions. If z 7→ w is related by (1.1) we say that w is an image of z.
Every sequence (zi)∞0 of the plane where zi+1 is an image of zi is an orbit of the correspon-
dence. An orbit is a cycle with period n if zn = z0, and zi 6= z0 if 0 < i < n.
The set of images of a point z under the correspondence (1.1) is denoted by fc(z). Sim-
ilarly, fc(A) is the union of all fc(z) when z belongs A. The inverse image set f−1c (A) is
defined by the set of all z which has at least one image in A.
If z1 is an image of z0 under the correspondence (1.1) and z0 6= 0, then there exists a
unique univalent function w = g(z) defined on a neighbourhood U of z0, implicitly defined
by the equation (1.1) and g(z0) = z1. If (zi)n0 is a finite orbit, we denote
gz0,z1(z) = g(z) and gz0,z1,...,zn(z) = (gzn,zn−1 ◦ · · · ◦ gz1,z0)(z).
The domain of gz0,z1,...,zn is an unspecified neighbourhood of z0.
A cycle (zi)n0 with periodn is repelling if the absolute value of the derivative of gz0,z1,...,zn
at z0 is strictly greater than 1. Therefore, no point of a repelling cycle is allowed to be zero.
Definition 2.1 (Julia set). The closure of the union of all repelling cycles is the Julia set
J(fc) of the correspondence fc.
A subset Λ of the punctured plane C∗ is a hyperbolic repeller if f−1c (Λ) = Λ and there
exists a conformal metric ρ defined on a neighbourhood of Λ and λ > 1 such that
‖g′z,w(z)‖ρ > λ
whenever z and w belongs to Λ and w is an image of z. Equivalently:
Definition 2.2 (Hyperbolic repeller). A backward invariant Λ ⊂ C∗ is a hyperbolic re-
peller if there exists C > 0 such that
(2.1) |g′z0···zn(z0)| ≥ Cλn,
for every finite orbit (zi)n0 contained in Λ.
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Since every hyperbolic repeller Λ is backward invariant, its complement is forward in-
variant.
Recall that Br(a) ⊂ C denotes the open ball of radius r and centre a.
Lemma 2.1 (Koebe’s distortion). Let F denote the family of all holomorphic functions
ϕ : Br(a)→ C where r > 0 is fixed and a is allowed to vary arbitrarily in C. There exists
a constant K depending only on r such that,
(2.2) K−1|ϕ′(a)| ≤ |ϕ(z)− ϕ(w)||z − w| ≤ K|ϕ
′(a)|,
whenever z and w belongs to Br/4(a), for any ϕ : Br(a)→ C in F .
Definition 2.3 (Expansive constant for correspondences). We say that  > 0 is an expan-
sive constant for a hyperbolic repeller Λ if every two orbits (zi)∞0 and (wi)∞0 within Λ which
are -close to one another (this means |zi − wi| < , for every i) must actually coincide.
Lemma 2.2. Every hyperbolic repeller Λ of fc has an expansive constant  satisfying the
following property: for any two orbits (z)∞0 and (wi)∞0 in Λ which are -close, we have
gzi,zi+1(ζ) = gwi,wi+1(ζ)
whenever |ζ − zi| < 2, for every i > 0.
Proof. We may chose  > 0 such that zi 7→ zi+1 and wi 7→ wi+1 are related by the same
branch gzi,zi+1 , for any pair of -close orbits. By Koebe’s lemma and (2.1) there exists some
constant C1 such that
|zi − wi| ≤ C1λ−n|zi+n − wi+n|.
Taking the limit as n→∞ implies zi = wi, for every i. 
Definition 2.4 (LEO hyperbolic repellers). The correspondence fc is called locally even-
tually onto (LEO) on a hyperbolic repeller Λ if there exists a relatively open subset U of Λ
such that fnc (U) contains Λ.
According to Theorem 4.3 of [SS17], every LEO hyperbolic repeller Λ of fc is contained
in the Julia set J(fc).
Definition 2.5 (Simple centre). The critical point z = 0 has infinitely many forward orbits
under fc. If precisely one forward orbit of the critical point of fc is periodic and the others
diverge to∞, we say that c is a simple centre.
The following result is stated as Theorem 5.4 in [Siq20].
Theorem 2.1. If a is a simple centre for the family of holomorphic correspondences fc, then
J(fc) is a LEO hyperbolic repeller for every c in a neighbourhood of a.
We are now going to summarise some results of [SS17] concerning holomorphic motions
of hyperbolic Julia sets of the correspondence fc.
2.2. The C2-extension. Suppose J(fc0) is a LEO hyperbolic repeller for the correspon-
dence fc0 . There exists a family of holomorphic maps
(2.3) fc : V → C2
defined in a open subset V ofC2 and parameterised in a neighbourhoodU of c0, such that the
closure of the periodic points of fc, denoted by J(fc), is a subset of C2 which is completely
invariant under fc. Moreover, fc a p to one map on J(fc). The notation J(fc) suggests the
definition of a Julia set, or that every periodic point of fc is repelling. As a matter of fact,
the Jacobian determinant of fnc at every periodic point of period n is strictly greater than 1.
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This fact is explained in Remark 2.4 of [SS17] and somehow justifies the notation J(fc). In
spite of this analogy, for technical reasons J(fc) shall not be referred to as the Julia set of
fc.
The family (2.3) is defined for parameters in a neighbourhood of c0 and enjoys some
interesting properties (see [SS17] for detailed proofs):
(A) Holomorphic motions: there exist a holomorphic motion hc : J(fc0) → J(fc)
parameterised on U given by a family of conjugacies hc from J(fc0) to J(fc).
(B) Semiconjugacies: the projection pi(z, w) = z establishes a semiconjugacy from
J(fc) onto J(fc) in the sense that
J(fc) = piJ(fc)
is also a LEO hyperbolic repeller for fc and pifc(x) is an image of pi(x) under fc, for
every x in J(fc). Hence
pi(x)→ pif(x)→ pif2(x)→ · · ·
is a forward orbit under fc. This is, by definition, the projected orbit of x.
3. The Bowen parameter
We start this section recalling some classical results of Thermodynamic Formalism. The
proofs of the results stated here can be found in the monograph of Bowen [Bow75], or in the
book of Przytycki and Urban´ski [PU10].
A continuous surjective map f : X → X of a compact metric space is expanding if there
exists ` > 1 such that every point in X has a neighbourhood V evenly covered by finitely
many open sets Uj , each of which is mapped homeomorphically onto V and
d(f(x), f(y)) > `d(x, y)
for x and y in Uj .
The LEO property may be defined for every topological dynamical system f : X → X.
It means that every nonempty open set of X is eventually mapped onto X. The following
result is stated as Theorem 4.3 in [SS17].
Theorem 3.1. Every map fc of the family (2.3) is expanding and LEO on J(fc) with respect
to the metric
ds(x, y) =
∞∑
n=0
s−n|pifnc (x)− pifnc (y)|
where s > 1 is arbitrarily fixed and x, y belongs to J(fc).
The dynamic ball of radius , time n and centre x is defined by
B(x, n, ) = {y ∈ X : d(f jx, f jy) < , 0 ≤ j ≤ n}.
Every expanding map f : X → X has an expansive constant  > 0 characterised by the
fact that if d(fnx, fny) <  for every n ≥ 0, then x = y. It is clear that if  is an expansive
constant, then any other positive real number 0 <  is also an expansive constant.
A continuous map f : X → X is topologically mixing if for every pair of nonempty open
subsets U and V there exists n0 such that fn(U) ∩ V is nonempty, for every n ≥ n0. LEO
maps are topologically mixing.
Suppose f is an expanding map of a compact metric space (X, d), and φ : X → R is
continuous. Let  > 0 be an expansive constant. If µ is an f -invariant probability measure
and there exists C > 0 such that
C−1 ≤
µ(B(x, n, ))
exp(Snφ(x)− nP (φ)) ≤ C,
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for every x in X and n > 0, then µ is a Gibbs invariant measure of f and φ.
3.1. Transfer operators. Let f : X → X be an expanding map of a compact metric space
(X, d). Fix a potential φ : X → R (in other words, a real valued continuous function). The
transfer operator Lφ : C(X) → C(X) acting on the space of continuous complex valued
functions g : X → C is defined by
Lφg(x) =
∑
f(y)=x
eφ(y)g(y).
The iterate Lnφ is precisely the transfer operator LSnφ with respect to fn : X → X.
The dual operator L∗φ : M(X)→M(X) acts on the space of complex measures defined
on the Borel σ-algebra of X. It is defined by
〈L∗φµ, g〉 = 〈µ,Lφg〉,
for every µ in M(X) and g in C(X), where 〈µ, g〉 = ∫X gdµ. The following theorem
summarises some well known results concerning the transfer operator, and the first three
sentences are often referred to as the Ruelle-Perron-Frobenius theorem.
Theorem 3.2. Suppose f : X → X is an expanding and topologically mixing map of a
compact metric space X. If φ : X → R is Ho¨lder continuous and λφ = expP (φ), then:
(a) there exists a unique probability measure ν on X such that L∗φ(ν) = λφν;
(b) there exists a unique real valued continuous function h > 0 onX such thatLφ(h) =
λφh and
∫
X hdν = 1;
(c) for any continuous real valued function g on X,
λ−nφ Lnφ(g)→ h
∫
X
gdν,
and the convergence is uniform on X;
(d) the measure µ(A) =
∫
A hdν is the unique invariant Gibbs measure of f and φ.
Remark 3.1. The number P (0) is also known as the topological entropy of f. Suppose that
f : X → X is a d-1 map (i.e., every point has exactly d preimages). Then fn is dn-1. By
Theorem 3.2,
λ−nφ Ln0 (1) = λ−nφ
∑
fn(y)=x
eSnφ(y) · 1 = λ−nφ dn
converges to h > 0, where φ = 0. It follows that λφ = d, and the topological entropy of f
must be log(d).
The following result introduces the Bowen parameter tc, which is given by the zero of
the pressure function t 7→ P (tϕc), where ϕc is the potential defined on J(fc) ⊂ C2 by
ϕc(x) = − log |g′z0,z1(z0)|, where z0 and z1 are the first two elements of the projected orbit
of x ∈ J(fc). Since the derivative of gz0,z1 at z0 is p(z1 − z0)/(qz0), the potential ϕc can
be defined directly by (3.1) in the following theorem.
Theorem 3.3 (Bowen parameter). If the Julia set J(fc) ⊂ C of the holomorphic corre-
spondence (w − c)q = zp is a LEO hyperbolic repeller, then the topological entropy of the
C2 extension
fc : J(fc)→ J(fc)
is strictly positive. Moreover, the potential
(3.1) ϕc(x) = − log |p(z1 − z0)/(qz0)|
is Ho¨lder continuous with respect to the metric ds on J(fc), and there exists a unique zero
tc > 0 of the pressure function t 7→ P (tϕc) defined on [0,∞).
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Proof. According to [Bow79, Chap. 2B], the topological pressure of a potential φ can be
calculated by
(3.2) P (φ) = lim
|C|→0
lim
n→∞
1
n
log(inf
Cn
∑
U∈Cn
expSnφ(U)),
where C is any finite covering of J(fc); |C| is the greatest diameter of an element of C; and
Snϕ(U) is given by the supremum of all Snφ(x) when x ∈ U. The infimum in (3.2) is taken
over all possible covers Cn of J(fc) whose elements can be written as
U =
{
x ∈ J(fc) : f jc (x) ∈ Uj , 0 ≤ j ≤ n
}
,
for some finite sequence (Uj)n1 of elements of C.
Since t 7→ P (tϕc) is continuous, in order to prove the existence of a unique zero it suffices
to show that the pressure function is strictly decreasing with P (0) > 0 and P (tϕc)→ −∞
as t→∞.
Indeed, J(fc) is a hyperbolic repeller, and therefore |g′z0···zn(z0)| ≥ Cλn, where λ > 1
and (zj)∞0 denotes the projected orbit of any x. By Theorem 3.3 and a simple computation
involving the logarithm,
(3.3) expSn(tϕc)(x) = |g′z0···zn(z0)|−t.
Hence,
P ((t+ τ)ϕc) = lim|C|→0
lim
n→∞
1
n
log(inf
Cn
∑
U∈Cn
expSn(tϕc)(U) · expSn(τϕc)(U))
= lim
|C|→0
lim
n→∞
1
n
log(inf
Cn
∑
U∈Cn
sup
x∈U
|g′z0···zn(z0)|−t · expSn(τϕc)(U))
≤ lim
|C|→0
lim
n→∞
1
n
log(C−tλ−nt inf
Cn
∑
U∈Cn
expSn(τϕc)(U))
= −t log(λ) + P (τϕc).
Since log(λ) > 0, we conclude that the pressure function is indeed strictly decreasing and
P (tϕc) → −∞ as t → ∞. Since fc is a p to one map, it follows from Remark 3.1 that
P (0) = log(p) > 0. Hence, there is a unique zero tc of the pressure function in (0,∞).
The proof of the Ho¨lder continuity of the potential with respect to the metric ds is a
straightforward application of the mean value theorem. 
4. Hausdorff dimension
The s-dimensional Hausdorff outer measureHs of a set Λ ⊂ C is defined by
Hs(Λ) = lim
δ→0
inf
∞∑
i=1
|Ui|s,
where inf is taken over all countable coverings {Ui}∞0 of Λ with diameter |Ui| ≤ δ. There
exists a unique singularity d of the function s 7→ Hs(Λ) characterised by the following
properties: Hs(Λ) = 0 if s > d and Hs(Λ) = ∞ if 0 ≤ s < d. The singularity d is the
Hausdorff dimension of Λ, denoted by dimH Λ.
Theorem 4.1. Suppose J(fc) is a LEO hyperbolic repeller and let tc be the unique zero of
the associated pressure function. Then dimH J(fc) ≤ tc.
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Proof. Fix a parameter c and  > 0 such that J(fc) is a LEO hyperbolic repeller and 4
is an expansive constant for fc. By Koebe’s lemma, there is a constant K such that ϕ =
(gz0···zn)−1 satisfies (2.2) on B(zn) with r = 4 and a = zn. Cover J(fc) ⊂ C2 with
finitely many dynamic balls of fixed time n and radius  :
B(xi, n, ) = {y ∈ J(fc) : ds(f jc (xi), f jc (y)) < , 0 ≤ j ≤ n}.
The finite covering is possible because J(fc) is compact, and we may assume that the
corresponding dynamic balls with radius /2 are pairwise disjoint. This property is achieved
if the covering is minimal, that is, if i 6= j then xi does not belong to B(xj , n, ). Indeed,
if B(xi, n, /2) intersects B(xj , n, /2), then by the triangle inequality we conclude that
xj belongs to B(xi, n, ), which contradicts the hypothesis. It will be convenient to denote
such covering of J(fc) by Vn, and its elements by Vi = B(xi, n, ). Now we are going to
construct a covering of J(fc).
Claim: the family of all sets Ui = (gz0···zn)−1(B(zn)), where (zk)∞0 is the projected orbit
of the centre xi of Vi, is a covering of J(fc). We shall denote this covering by Un.
As we shall see, the sets Ui do in fact cover J(fc) because each Ui contains piVi, J(fc) is
the projection of J(fc), and {Vi} is a covering of J(fc). In order to check that piVi is con-
tained in Ui it suffices to show that pi(y) is in Ui, whenever y ∈ Vi. Since y is inB(xi, n, ),
by definition the distance with respect to the metric ds between f jc (xi) and f jc (y) is strictly
less than , for 0 ≤ j ≤ n. This means
∞∑
k=0
s−k|pifk+jc (xi)− pifk+jc (y)| < ,
for 0 ≤ j ≤ n. In particular, the first term of the above series is less than , and it follows
that |zj −wj | <  for 0 ≤ j ≤ n, where (zj)∞0 and (wj)∞0 are the projected orbits of xi and
y, respectively. By Lemma 2.2, for each j there exists a branch gj of fc sending zj and wj
to zj+1 and wj+1, respectively. Since wn belongs to B(zn) and
Ui = (gz0···zn)
−1(B(zn)) = (gn−1 ◦ · · · ◦ g1 ◦ g0)−1(B(zn)),
we conclude that w0 = pi(y) belongs to Ui, as desired.
The diameter of Un is defined as the supremum of all diameters |Ui|.
Claim: the diameter of Un tends to zero as n→∞.
By Definition 2.2 and Koebe’s lemma, for every element Ui of Un we have
|Ui| = |(gz0···zn)−1(B(zn))| ≤ K|g′z0···zn(z0)|−12 ≤ (2KC−1)λ−n → 0,
as n→∞. The claim is proved.
By Theorem 3.1, fc : J(fc)→ J(fc) is LEO and expanding. Therefore, for every Ho¨lder
continuous potential there corresponds a unique invariant Gibbs measure. Let φ = tcϕc.
Since P (φ) = 0, the corresponding Gibbs measure µ for the system satisfies:
C−1 ≤
µ(B(x, n, ))
expSnφ(x)
≤ C,
for any x in J(fc) and n, where C is a constant independent of x and n. By (3.3) we have
|Ui|tc = |(gz0···zn)−1(B(zn))|tc ≤ (K|g′z0···zn(z0)|−12)tc ≤ (2K)tcC/2µ(B(xi, n, /2)),
for every elementUi ofUn. Sinceµ is a probability measure and the dynamic ballsB(xi, n, /2)
are pairwise disjoint, we conclude that
∞∑
i=0
|Ui|tc ≤ (2K)tcC/2.
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Since Un is a covering of J(fc) whose diameter tends to zero as n→∞, the tc-dimensional
Hausdorff measure of J(fc) is finite. Hence, dimH J(fc) ≤ tc. 
Corollary 4.1.1. For any parameter c sufficiently close to a simple centre,
dimH J(fc) ≤ tc.
Proof. By Theorem 5.4 of [Siq20], the Julia set J(fc) is a LEO hyperbolic repeller, for every
c in a certain subset Hβ of the parameter space. By definition 4.1 of [Siq20], the set Hβ
includes a sufficiently small neighbourhood of every simple centre. 
Corollary 4.1.2. Suppose J(fc) is a LEO hyperbolic repeller and |g′z,w(z)| ≥ κ > 1, for
every z, w in Jc such that w is an image of z under fc. Then
(4.1) dimH J(fc) ≤ log p
log κ
.
Proof. Let φ = tcϕc. Since P (φ) = 0, by the Ruelle-Perron-Frobenius Theorem 3.2,
Lnφ(1)→ h uniformly on J(fc), where h is a continuous function from J(fc) to (0,∞). By
(3.3), we have
Lnφ(1)(x) =
∑
fnc (y)=x
eSnφ(y) · 1 =
∑
fnc (y)=x
|g′w0···wn(w0)|−tc ≤ pnκ−ntc ,
where (wi)∞0 is the projected orbit of y. In the above estimate we have used the hypothesis
and the fact that fnc is a pn to 1 map. Since Lnφ(1) converges to a positive function, we have
pκ−tc ≥ 1, otherwise pnκ−ntc would converge to zero. Solving the inequality pκ−tc ≥ 1
for tc yields (4.1). 
Corollary 4.1.3. If q2 < p and c is sufficiently close to zero, then
(4.2) dimH J(fc) < 2.
Proof. The derivative of a branch g(z) of fc is given by (p/q)(w − c)/z where w = g(z).
Since c 7→ J(fc) is continuous with respect to the Hausdorff topology for parameters close
to zero, and since J(f0) is the unit circle S1, we conclude that |g′z,w(z)| ≥ κ for z and w in
J(fc), where κ > 1 can be chosen arbitrarily close to p/q as c tends to zero. It is easy to
check that log(p)/ log(p/q) < 2 if, and only if, q2 < p. In particular, log(p)/ log(κ) < 2
for κ close to p/q. From Corollary 4.1.2 we conclude (4.2), for every c sufficiently close to
zero. 
Corollary 4.1.4. If every orbit of zero under fc diverges to infinity, then
dimH J(fc) ≤ tc.
Proof. According to [Siq20, Theorem 5.4], if every orbit of zero under fc diverges to infinity,
then J(fc) is a LEO hyperbolic repeller. By Theorem 4.1, dimH J(fc) ≤ tc. 
Concluding remarks. The estimate dimH J(fc) < tc can be easily generalised for other
correspondences P (z, w) = 0 with a mixing hyperbolic repeller. The strategy for a proof
is almost the same (except for some technical considerations): for every mixing hyperbolic
repeller Λ of P (z, w) = 0 we construct an expanding and topologically mixing dynamical
system f : Σ(Λ)→ Σ(Λ), where f is the left shift on the space Σ(Λ) of all possible orbits
of the correspondence which are contained in Λ. The geometric potential is
φ(x) = − log |g′z0,z1(z0)|,
where x = (zi)∞0 belongs to Σ(Λ). The zero of t 7→ P (tφ) is an upper bound for the Haus-
dorff dimension of Λ, and the proof is almost identical to that of Theorem 4.1. The proof for
zβ+c is shorter and provides concrete examples of hyperbolic repellers in the plane; they are
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determined by Julia sets which are projections of a holomorphic motion of ‘Julia sets’ inC2.
As a matter of fact, the prototype family zβ + c exhibits several nontrivial behaviours with
feasible descriptions. Some questions have been partially answered: holomorphic motions
[SS17], hyperbolicity and rigidity [Siq20], and Hausdorff dimension. However, the con-
nectedness locus of this family is entirely unexplored and a new theory of renormalisation
for zβ + c is still missing.
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